In this paper we propose a knot model of the π mesons. In this knot model we give the formation of the π + meson by strong interaction and the decay of the π + meson to the moun µ + and the moun neutrino νµ by weak interaction. We give a mass machanism for the generation of the masses of the π 0 meson, π + meson, the moun µ + and the moun neutrino νµ.
Introduction
The discovery of the π + meson and its decay may be considered as one of the events for the birth of particle physics [1] . The π + meson is interesting in that its structure is simpler than other hadrons but its formation and decay has already involved both the strong and weak interactions. In this paper we propose a model of the π mesons. In this model we show the formation of the π mesons by strong interaction and the decay of the π + meson to the moun µ + and the moun neutrino ν µ by weak interaction. In this model of π + we give a mass machanism for the generation of the masses of the π + meson, the moun µ + and the moun neutrino ν µ . This paper is organized as follows. In section 2 we give a brief description of a quantum gauge model of electrodynamics and its nonabelian generalization. In this paper we shall consider a nonabelian generalization with a SU (2) ⊗ U (1) gauge symmetry which will be for the strong and weak interaction of the π + meson. With this quantum model we introduce the generalized Wilson loop for the construction of the π mesons. To investigate the properties of the Wilson loop in section 3 we derive a chiral symmetry from the gauge symmetry of this quantum model. From this chiral symmetry in section 4 we derive a conformal field theory which includes an affine Kac-Moody algebra and a quantum Knizhnik-Zamolodchikov (KZ) equation. A main point of our model on the quantum KZ equation is that we can derive two KZ equations which are dual to each other. This duality is the main point for the Wilson loop to be exactly solvable and to have a winding property which gives properties of the elementary particles. Since this quantum KZ equation is derived from the quantum gauge model by calculus of variation we can regard it as a quantum Euler-Lagrange equation or a quantum Yang-Mills equation. We then in section 5 to section 9 represent knots by the generalized Wilson loops which are constucted from the quantum KZ equation.
Then in section 10 to section 13 we use the generalized Wilson loop which is as a quantum knot to give the properties of the π mesons and to give a mass mechanism for generating masses of the π mesons. We show that the π mesons are formed as a figure-eight knot model. This formation of the π mesons in a knot form is as the strong interaction for forming one elementary particle. From this knot model of π + we then deduce the weak interaction π + → µ + + ν µ and we show that the strong and weak interactions are closedly related. We give a mass mechanism for generating the masses of π + , µ + and ν µ where we show that the neutrino ν µ is without charge and without mass. We then show that besides the Yukawa theory of exchanging the π mesons as the strong interaction between two elementary particles there is another effect of strong interaction between two elementary particles which is formed by the linking of the two knots for the formation of the two elementary particles. This linking gives an attractive nuclear force between two elementary particles.
A Quantum Gauge Model
Let us construct a quantum gauge model, as follows. In probability theory we have the Wiener measure ν which is a measure on the space C[t 0 , t 1 ] of continuous functions [2] . This measure is a well defined mathematical theory for the Brownian motion and it may be symbolically written in the following form:
where
dx dt 2 dt is the energy integral of the Brownian particle and dx = 1 N t dx(t) is symbolically a product of Lebesgue measures dx(t) and N is a normalized constant.
Once the Wiener measure is defined we may then define other measures on C[t 0 , t 1 ] as follows [2] . Let a potential term V dt be added to L 0 . Then we have a measure ν 1 on C[t 0 , t 1 ] defined by:
Under some condition on V we have that ν 1 is well defined on C[t 0 , t 1 ]. Let us call (2) as the Feymann-Kac formula [2] . Let us then follow this formula to construct a quantum model of electrodynamics, as follows. Then similar to the formula (2) we construct a quantum model of electrodynamics from the following energy integral:
where the complex variable Z = Z(z(s)) and the real variables A 1 = A 1 (z(s)) and A 2 = A 2 (z(s)) are continuous functions in a form that they are in terms of an arbitrary (continuously differentiable) closed curve z(s) = C(s) = (x 1 (s), x 2 (s)), s 0 ≤ s ≤ s 1 , z(s 0 ) = z(s 1 ) in the complex plane where s is a parameter representing the proper time in relativity (We shall also write z(s) in the complex variable form C(s) = z(s) = x 1 (s) + ix 2 (s), s 0 ≤ s ≤ s 1 ). The complex variable Z = Z(z(s)) represents a field of matter( such as the electron) (Z * denotes its complex conjugate) and the real variables A 1 = A 1 (z(s)) and A 2 = A 2 (z(s)) represent a connection (or the gauge field of the photon) and e 0 denotes the (bare) electric charge.
The integral (3) has the following gauge symmetry: 
where a = a(z) is a continuously differentiable real-valued function of z.
We remark that this model is similar to the usual Yang-Mills gauge model. A feature of (3) is that it is not formulated with the four-dimensional space-time but is formulated with the one dimensional proper time. This one dimensional nature let this model avoid the usual utraviolet divergence difficulty of quantum fields.
Similar to the usual Yang-Mills gauge theory we can generalize this gauge model with U (1) gauge symmetry to nonabelian gauge models. As an illustration let us consider SU (2) ⊗ U (1) gauge symmetry where SU (2) ⊗ U (1) denotes the direct product of the groups SU (2) and U (1).
Similar to (3) we consider the following energy integral:
where T k denotes a self-adjoint generator of SU (2) ⊗ U (1) and e 0 denotes the bare electric charge for general interactions including the strong and weak interaction (Here for simplicity we choose a convention that the complex i is absorbed by t k ); and D j = ∂ ∂x j − e 0 A j , (j = 1, 2). From (5) we can develop a nonabelian gauge model as similar to that for the above abelian gauge model. We have that (5) is invariant under the following gauge transformation:
where U (a(z(s))) = e a(z(s)) and a(z(s)) = k a k (z(s))t k . We shall mainly consider the case that a is a function of the form a(z(s)) = k Re ω k (z(s))t k where ω k are analytic functions of z (We let ω(z(s)) := k ω k (z(s))t k and we write a(z) = Re ω(z)). The above gauge model is based on the Banach space X of continuous functions
Since L is positive and the model is one dimensional (and thus is simpler than the usual two dimensional Yang-Mills gauge model) we have that this gauge model is similar to the Wiener measure except that this gauge model has a gauge symmetry. This gauge symmetry gives a degenerate degree of freedom. In the physics literature the usual way to treat the degenerate degree of freedom of gauge symmetry is to introduce a gauge fixing condition to eliminate the degenerate degree of freedom where each gauge fixing will give equivalent physical results [3] . There are various gauge fixing conditions such as the Lorentz gauge condition, the Feynman gauge condition, etc. We shall later in section 4 (on the Kac-Moody algebra) adopt a gauge fixing condition for the above gauge model. This gauge fixing condition will also be used to derive the quantum KZ equation in dual form which will be regarded as a quantum YangMill equation since its role will be similar to the classical Yang-Mill equation derived from the classical Yang-Mill gauge model.
Since L is positive we have that without gauge fixing condition the above gauge model is a positive linear functional on the Banach space C(X) of continuous functions on X and is multivalued in the sense that each gauge fixing gives a value. 
where R denotes a representation of SU (2); C(·) = z(·) is a fixed curve where the quantum gauge models are based on it as specified in the above section. As usual the notation P in the definition of W R (C) denotes a path-ordered product [4] [5] [6] . Let us give some remarks on the above definition of Wilson loop, as follows. 1) We use the notation W (z 0 , z 1 ) to mean the Wilson loop W R (C) which is based on the whole closed curve z(·). Here for convenience we use only the end points z 0 and z 1 of the curve z(·) to denote this Wilson loop (We keep in mind that the definition of W (z 0 , z 1 ) depends on the whole curve z(·) connecting z 0 and z 1 ).
Then we extend the definition of W R (C) to the case that z(·) is not a closed curve with z 0 = z 1 . When z(·) is not a closed curve we shall call W (z 0 , z 1 ) as a Wilson line.
2) We use the above Wilson loop W (C) to represent the unknot (Also called the trivial knot 
where W (z 0 , z 1 ) denotes the Wilson line of a curve z(·) which is with z 0 as the starting point and z 1 as the ending point and z is a point on z(·) between z 0 and z 1 . This property can be prove as follows. We have that W (z 0 , z 1 ) is a limit (whenever exists) of ordered product of e Ai△x i and thus can be written in the following form: We shall denote both the classical version and quantum version of Wilson line by the same notation W (z 0 , z 1 ) when there is no confusion. ⋄ By following the usual approach of deriving a chiral symmetry from a gauge transformation of a gauge field we have the following chiral symmetry which is derived by applying an analytic gauge transformation with an analytic function ω for the transformation:
. This chiral symmetry is analogous to the chiral symmetry of the usual guage theory where U denotes an element of the gauge group [5] . Let us derive (10) as follows. Let U (z) := U (ω(z(s))) and
. Following [5] we have
From (11) we have that (10) holds. As analogous to the WZW model in conformal field theory [7] [11] from the above symmetry we have the following formulas for the variations δ ω W and δ ω ′ W with respect to this symmetry ( [7] p.621):
and
where z and z ′ are independent variables and ω ′ (z ′ ) = ω(z) when z ′ = z. In (12) the variation is with respect to the z variable while in (13) the variation is with respect to the z ′ variable. This two-sidevariations when z = z ′ can be derived as follows. For the left variation we may let ω be analytic in a neighborhood of z and continuously differentiably extended to a neighborhood of z ′ such that ω(z ′ ) = 0 in this neighborhood of z ′ . Then from (10) we have that (12) holds. Similarly we may let ω ′ be analytic in a neighborhood of z ′ and continuously differentiably extended to a neighborhood of z such that ω ′ (z) = 0 in this neighborhood of z. Then we have that (13) holds.
A Gauge Fixing Condition and Affine Kac-Moody Algebra
This section has two related purposes. One purpose is to find a gauge fixing condition for eliminating the degenerate degree of freedom from the gauge invariance of the above quantum gauge model in section 2. Then another purpose is to find an equation for defining a generator J of the Wilson line W (z, z ′ ). This defining equation of J can then be used as a gauge fixing condition. Thus with this defining equation of J the construction of the quantum gauge model in section 2 is then completed.
We shall derive a quantum loop algebra (or the affine Kac-Moody algebra) structure from the Wilson line W (z, z ′ ) for the generator J of W (z, z ′ ). To this end let us first consider the classical case. Since
as a function of z with z ′ being fixed) has a loop group structure [9] [10]. For a loop group we have the following generators:
These generators satisfy the following algebra:
This is the so called loop algebra [9] [10]. Let us then introduce the following generating function J:
where we define
where z denotes a closed contour integral with center z. This formula can be interpreted as that J is the generator of the loop group and that J a n is the directional generator in the direction ω a (w) = (w − z) n . We may generalize (18) to the following directional generator:
where the analytic function ω(w) = a ω a (w)t a is regarded as a direction and we define
Then since W (z, z ′ ) ∈ SU (2), from the variational formula (19) for the loop algebra of the loop group of SU (2) we have that the variation of W (z, z ′ ) in the direction ω(w) is given by
Now let us consider the quantum case which is based on the quantum gauge model in section 2. For this quantum case we shall define a quantum generator J which is analogous to the J in (16) . We shall choose the equations (31) and (32) as the equations for defining the quantum generator J. Let us first give a formal derivation of the equation (31), as follows. Let us consider the following formal functional integration:
where A(z) denotes a field from the quantum gauge model (We first let z ′ be fixed as a parameter). Let us do a calculus of variation on this integral to derive a variational equation by applying a gauge transformation on (22) as follows (We remark that such variational equations are usually called the Ward identity in the physics literature).
Let (A 1 , A 2 , Z) be regarded as a coordinate system of the integral (22) . Under a gauge transformation (regarded as a change of coordinate) with gauge function a(z(s)) this coordinate is changed to another coordinate denoted by (A
. As similar to the usual change of variable for integration we have that the integral (22) is unchanged under a change of variable and we have the following equality:
Then it can be shown that the differential is unchanged under a gauge transformation [3] :
Also by the gauge invariance property the factor e −L is unchanged under a gauge transformation. Thus from (23) 
where the correlation notation · denotes the integral with respect to the differential
We can now carry out the calculus of variation. From the gauge transformation we have the formula
) where a(z) = Re ω(z). This gauge transformation gives a variation of W (z, z ′ ) with the gauge function a(z) as the variational direction a in the variational formulas (19) and (21) . Thus analogous to the variational formula (21) we have that the variation of W (z, z ′ ) under this gauge transformation is given by
where the generator J for this variation is to be specified. This J will be a quantum generator which generalizes the classical generator J in (21) . Thus under a gauge transformation with gauge function a(z) from (25) we have the following variational equation:
where δ a A(z) denotes the variation of the field A(z) in the direction a(z). From this equation an ansatz of J is that J satisfies the following equation:
From this equation we have the following variational equation:
This completes the formal calculus of variation. Now (with the above derivation as a guide) we choose the following equation (31) as one of the equation for defining the generator J:
where we generalize the direction a(z) = Re ω(z) to the analytic direction ω(z) (This generalization has the effect of extending the real measure to include the complex Feymann path integral).
Let us now choose one more equation for determine the generator J in (31). This choice will be as a gauge fixing condition. As analogous to the WZW model in conformal field theory [7] [11] [12] let us consider a J given by
where we define ∂ z = ∂ x 1 + i∂ x 2 and we set z ′ = z after the differentiation with respect to z; k > 0 is a constant which is fixed when the J is determined to be of the form (32) and the minus sign is chosen by convention. In the WZW model [7] [12] the J of the form (32) is the generator of the chiral symmetry of the WZW model. We can write the J in (32) in the following form:
We see that the generators t a of SU (2) appear in this form of J and this form is analogous to the classical J in (16) . This shows that this J is a possible candidate for the generator J in (31).
Since W (z, z ′ ) is constructed by gauge field we need to have a gauge fixing for the computations related to W (z, z ′ ). Then since the J in (31) and (32) is constructed from W (z, z ′ ) we have that in defining this J as the generator J of W (z, z ′ ) we have chosen a condition for the gauge fixing. In this paper we shall always choose this defining equations (31) and (32) for J as the gauge fixing condition.
In summary we introduce the following definition. Definition. The generator J of the quantum Wilson line W (z, z ′ ) whose classical version is defined by (7) , is an operator defined by the two conditions (31) and (32). ⋄ Remark. We remark that the condition (32) first defines J classically. Then the condition (31) raises this classical J to the quantum generator J. ⋄ Now we want to show that this generator J in (31) and (32) can be uniquely solved (This means that the gauge fixing condition has already fixed the gauge that the degenerate degree of freedom of gauge invariance has been eliminated so that we can carry out computation).
Let us now solve J. From (10) and (32) we have that the variation δ ω J of the generator J in (32) is given by [7] (p.622) [12] :
From (31) and (34) we have that J satisfies the following relation of current algebra [7] [11] [12] :
where as a convention the regular term of the product J a (w)J b (z) is omitted. Then by following [7] [11][12] from (35) and (33) we can show that the J a n in (16) for the corresponding Laurent series of the quantum generator J satisfy the following Kac-Moody algebra:
where k is usually called the central extension or the level of the Kac-Moody algebra.
Remark. Let us also consider the other side of the chiral symmetry. Similar to the J in (32) we define a generator J ′ by:
where after differentiation with respect to z ′ we set z = z ′ . Let us then consider the following formal correlation:
where z is fixed. By an approach similar to the above derivation of (31) we have the following variational equation:
where as a gauge fixing we choose the J ′ in (39) be the J ′ in (37). Then similar to (34) we also have
Then from (39) and (40) we can derive the current algebra and the Kac-Moody algebra for J ′ which are of the same form of (35) and (36). From this we have J ′ = J. ⋄ Now with the above current algebra J and the formula (31) we can follow the usual approach in conformal field theory to derive a quantum Knizhnik-Zamolodchikov (KZ) equation for the product of primary fields in a conformal field theory [7] [11] [12] . Here we derive the KZ equation for the product of n Wilson lines W (z, z ′ ). An important point is that from the two sides of W (z, z ′ ) we can derive two quantum KZ equations which are dual to each other. These two quantum KZ equations are different from the usual KZ equation in that they are equations for the quantum operators W (z, z ′ ) while the usual KZ equation is for the correlations of quantum operators. With this difference we can follow the usual approach in conformal field theory to derive the following quantum Knizhnik-Zamolodchikov equation [7] [11] [8] :
for i = 1, ..., n where g denotes the dual Coxeter number for SU (2) and we have g = 2e 2 0 . We remark that in (41) we have defined t a i := t a and
It is interesting and important that we also have the following quantum Knizhnik-Zamolodchikov equation with repect to the z ′ i variables which is dual to (41):
for i = 1, ..., n where we have defined:
Remark. From the quantum gauge model we derive the above quantum KZ equation in dual form by calculus of variation. This quantum KZ equation in dual form may be considered as a quantum EulerLagrange equation or as a quantum Yang-Mills equation since it is analogous to the classical Yang-Mills equation which is derived from the classical Yang-Mills gauge model by calculus of variation. ⋄
Solving Quantum KZ Equation In Dual Form
Let us consider the following product of two quantum Wilson lines: 
where t := 1 k+g a t a ⊗ t a and C 1 denotes a constant matrix which is independent of the variable z 1 − z 3 . We see that G is a multivalued analytic function where the determination of the ± sign depended on the choice of the branch.
Similarly by solving the dual two-variable-KZ equation in (43) we have that G is of the form
where C 2 denotes a constant matrix which is independent of the variable z 4 − z 2 . From (46), (47) and we let
A where A is a constant matrix we have that G is given by
where at the singular case that z 1 = z 3 we simply define log[±(z 1 − z 3 )] = 0. Similarly for z 2 = z 4 . Let us find a form of the initial operator A. We notice that there are two operators
acting on the two sides of A respectively where the two independent variables z 1 , z 3 of Φ ± are mixedly from the two quantum Wilson lines W (z 1 , z 2 ) and W (z 3 , z 4 ) respectively and the the two independent variables z 2 , z 4 of Ψ ± are mixedly from the two quantum Wilson lines W (z 1 , z 2 ) and W (z 3 , z 4 ) respectively. From this we determine the form of A as follows.
Let D denote a representation of SU (2). Let D(g) represent an element g of SU (2) and let D(g)⊗D(g) denote the tensor product representation of SU (2). Then in the KZ equation we define
Then we let U (a) denote the universal enveloping algebra where a denotes an algebra which is formed by the Lie algebra su(2) and the identity matrix. Now let the initial operator A be of the form A 1 ⊗ A 2 ⊗ A 3 ⊗ A 4 with A i , i = 1, ..., 4 taking values in U (a). In this case we have that in (48) the operator Φ ± (z 1 − z 2 ) := e −t log[±(z1−z3)] acts on A from the left via the following formula:
Similarly the operator Ψ ± (z 1 − z 2 ) := e t log[±(z1−z3)] in (48) acts on A from the right via the following formula:
We may generalize the above tensor product of two quantum Wilson lines as follows. Let us consider a tensor product of n quantum Wilson lines:
where the variables z i , z ′ i are all independent. By solving the two KZ equations we have that this tensor product is given by:
where ij denotes a product of Φ ± (z i − z j ) or Ψ ± (z 
Computation of Quantum Wilson Lines
Let us consider the following product of two quantum Wilson lines:
where the two quantum Wilson lines W (z 1 , z 2 ) and W (z 3 , z 4 ) represent two pieces of curves starting at z 1 and z 3 and ending at z 2 and z 4 respectively. As shown in the above section we have that G is given by the following formula:
where the product is a 4-tensor. Let us set z 2 = z 3 . Then the 4-tensor W (z 1 , z 2 )W (z 3 , z 4 ) is reduced to the 2-tensor W (z 1 , z 2 )W (z 2 , z 4 ). By using (55) the 2-tensor W (z 1 , z 2 )W (z 2 , z 4 ) is given by:
where Then since t is a 2-tensor operator we have that t is as a matrix acting on the two sides of the 2-tensor A 14 which is also as a matrix with the same dimension as t. Thus Φ and Ψ are as matrices of the same dimension as the matrix A 14 acting on A 14 by the usual matrix operation. Then since t is a Casimir operator for the 2-tensor group representation of SU (2) we have that Φ and Ψ commute with A 14 since Φ and Ψ are exponentials of t (We remark that Φ and Ψ are in general not commute with the 4-tensor initial operator A). Thus we have
We let W (z 1 , z 2 )W (z 2 , z 4 ) be as a representation of the quantum Wilson line W (z 1 , z 4 ) and we write W (z 1 , z 4 ) = W (z 1 , z 2 )W (z 2 , z 4 ). Then we have the following representation of W (z 1 , z 4 ):
This representation of the quantum Wilson line W (z 1 , z 4 ) means that the line (or path) with end points z 1 and z 4 is specified that it passes the intermediate point w 1 = z 2 . This representation shows the quantum nature that the path is not specified at other intermediate points except the intermediate point
This unspecification of the path is of the same quantum nature of the Feymann path description of quantum mechanics. Then let us consider another representation of the quantum Wilson line W (z 1 , z 4 ). We consider W (z 1 , w 1 )W (w 1 , w 2 )W (w 2 , z 4 ) which is obtained from the tensor W (z 1 , w 1 )W (u 1 , w 2 )W (u 2 , z 4 ) by two reductions where z j , w j , u j , j = 1, 2 are independent variables. For this representation we have: 
Remark. Since A 14 is a 2-tensor we have that a natural group representation for the Wilson line W (z 1 , z 4 ) is the 2-tensor group representation of the group SU (2).
Representing Braiding of Curves by Quantum Wilson Lines
Consider again the product G(z 1 , z 2 , z 3 , z 4 ) = W (z 1 , z 2 )W (z 3 , z 4 ). We have that G is a multivalued analytic function where the determination of the ± sign depended on the choice of the branch.
Let the two pieces of curves be crossing at w. Then we have W (z 1 , z 2 ) = W (z 1 , w)W (w, z 2 ) and W (z 3 , z 4 ) = W (z 3 , w)W (w, z 4 ). Thus we have
If we interchange z 1 and z 3 , then from (60) we have the following ordering:
Now let us choose a branch. Suppose that these two curves are cut from a knot and that following the orientation of a knot the curve represented by W (z 1 , z 2 ) is before the curve represented by W (z 3 , z 4 ). Then we fix a branch such that the product in (55) is with two positive signs :
Then if we interchange z 1 and z 3 we have
From (62) and (63) as a choice of branch we have
where R = e −iπt is the monodromy of the KZ equation. In (64) z 1 and z 3 denote two points on a closed curve such that along the direction of the curve the point z 1 is before the point z 3 and in this case we choose a branch such that the angle of z 3 − z 1 minus the angle of z 1 − z 3 is equal to π.
Remark. We may use other representations of W (z 1 , z 2 )W (z 3 , z 4 ). For example we may use the following representation:
−t log(z1−z3) e −2t log(z1−w) e −t2 log(z3−w) Ae t log(z4−z2) e 2t log(z4−w) e 2t log(z2−w)
Then the interchange of z 1 and z 3 changes only z 1 − z 3 to z 3 − z 1 . Thus the formula (64) holds. Similarly all other representations of W (z 1 , z 2 )W (z 3 , z 4 ) will give the same result. ⋄ Now from (64) we can take a convention that the ordering (61) represents that the curve represented by W (z 1 , z 2 ) is upcrossing the curve represented by W (z 3 , z 4 ) while (60) represents zero crossing of these two curves.
Similarly from the dual KZ equation as a choice of branch which is consistent with the above formula we have
where z 2 is before z 4 . We take a convention that the ordering in (66) represents that the curve represented by W (z 1 , z 2 ) is undercrossing the curve represented by W (z 3 , z 4 ). Here along the orientation of a closed curve the piece of curve represented by W (z 1 , z 2 ) is before the piece of curve represented by W (z 3 , z 4 ). In this case since the angle of z 3 − z 1 minus the angle of z 1 − z 3 is equal to π we have that the angle of z 4 − z 2 minus the angle of z 2 − z 4 is also equal to π and this gives the R −1 in this formula (66). From (64) and (66) we have
where z 1 and z 2 denote the end points of a curve which is before a curve with end points z 3 and z 4 . From (67) we see that the algebraic structure of these quantum Wilson lines W (z, z ′ ) is analogous to the quasi-triangular quantum group [11] [13].
Computation of Quantum Dirac-Wilson Loop
Let us consider again the quantum Wilson line W (z 1 , z 4 ) = W (z 1 , z 2 )W (z 2 , z 4 ). Let us set z 1 = z 4 . In this case the quantum Wilson line forms a closed loop. Now in (57) with z 1 = z 4 we have that e −t log ±(z1−z2) and e t log ±(z1−z2) which come from the two-side KZ equations cancel each other and from the multivalued property of the log function we have
where R = e −iπt is the monodromy of the KZ equation where the integer n is as a winding number [13] . Remark. It is clear that if we use other representation of the quantum Wilson loop W (z 1 , z 1 ) (such as the representation W (z 1 , z 1 ) = W (z 1 , w 1 )W (w 1 , w 2 )W (w 2 , z 1 )) then we will get the same result as (68). ⋄ Remark. For simplicity we shall drop the subscript of A 14 in (68) and simply write A 14 = A. ⋄ Remark. When the gauge group is SU (2) ⊗ U (1) since the gauge field A 0 for U (1) is independent of gauge fields A j , j = 1, 2, 3 for SU (2) we have
where R SU(2) denotes the monodromy of KZ equation for SU (2) and R U (1) 
In the following let us generalize the Wilson loop W (z 1 , z 1 ) and the definition (70) to nontrivial knots. Let W (z i , z j ) represent a piece of curve with starting point z i and ending point z j . Then we let
represent two pieces of uncrossing curve. Then by interchanging z 1 and z 3 we have
represent the curve specified by W (z 1 , z 2 ) upcrossing the curve specified by W (z 3 , z 4 ). Now for a given knot diagram we may cut it into a sum of parts which are formed by two pieces of curves crossing each other. Each of these parts is represented by (72)( For a knot diagram of the unknot with zero crossings we simply do not need to cut the knot diagram). Then we define the trace of a knot with a given knot diagram by the following form:
where we use (72) to represent the state of the two pieces of curves specified by W (z 1 , z 2 ) and W (z 3 , z 4 ). As one more example let us consider the figure-eight knot denoted by 4 1 in Fig.3 . The knot diagram of this knot has four crossings. 
where the product of Wilson lines is from the definition (72) representing a crossing at w. In applying (72) we let z 1 be the starting and the ending point. Then we have that (76) is equal to
where we have used (67). We see that (77) is just the knot invariant (70) of the unknot. Thus the knot in Fig.1 is with the same knot invariant of the unknot and this agrees with the fact that this knot is topologically equivalent to the unknot. Let us then consider the trefoil knot in Fig.2a . By (72) and similar to the above examples we have that the definition (73) for this knot is given by:
By braidings we have that (78) is equal to T rRW (z 3 , z 3 ) [8] . This is as a knot invariant for the trefoil knot in Fig.2a .
Similarly we can show that the trefoil knot in Fig. 2b which is the mirror image of the trefoil knot in Fig.2a is with knot invariant T rW (z 5 , z 5 )R −1 [8] . We notice that the knot invariants for the two trefoil knots are different. This shows that these two trefoil knots are not topologically equivalent.
Let W (K) denotes the generalized Wilson loop of a knot K. We can show that the generalized Wilson loop of a knot diagram has all the properties of the knot diagram and that (73) is a knot invariant [8] . From this we call a generalized Wilson loop as a quantum knot. Then similar to the case of the trefoil knot we may show that we can write W (K) in the form W (K) = R −j W (z, z) where W (z, z) denotes the Wilson loop for the unknot and j is an integer [8] . We call j as the power index for the knot K.
A Model of π Mesons
The gauge theory in the above sections is based on the gauge group SU (2) ⊗ U (1). In this section we want to show that this gauge theory can give a model of mesons. Before giving the details of this model let us first explain the idea of this model. The basic idea of this model is that when the gauge field A forms a generalized Wilson loop W (K) for a knot K we have that the correseponding matter field Z acted by this generalized Wilson loop is in a strong interaction. This matter field Z is then considered as a field with components as quarks and the gauge field A may be considered as the gluon as similar to the QCD theory (It may be more appropriate to considered the generalized Wilson loop W (K) as the gloun). For the modeling of mesons we use the SU (2) group to model the strong interaction for the formation of mesons. We shall show in elsewhere that for the modeling of baryons we shall use the SU (3) group to model the strong interaction for the formation of baryons.
In the following let us write out the details of this model. Let us first consider the π 0 meson. The π 0 meson is composed with uu or dd where u and d represent the up and down quarks respectively. Let us represent π 0 with the following observable:
T is a four dimensional complex vector where z 1 , z 2 are complex variables, The complex variables u = z 1 , u = z 2 will represent the up and antiup quarks respectively.
On the other hand we may also write
T where the complex variables d = z 1 , d = z 2 will represent the antidown and down quarks respectively.
In (79) the generalized Wilson loop W SU(2) (K) is on a representation of the SU (2) group and is as an interaction matrix formed by the gauge field A acting on Z and that we regard u and u are in strong interaction via W SU(2) (K) which represents a knot K. For the π mesons the knot K will be chosen to be the knot 4 1 . We shall explain in more detail why this closed loop interaction gives the strong interaction.
Let us then consider the π + meson. We represent π + with the following operator:
where we let I where e 0 denotes the bare electric charge and I denotes the usual self-adjoint generator of U (1). We shall show that this U (1) group gives 2e 3 charge to the up quark u and gives e 3 charge to the down quark d respectively (The observed electric charge e = e 0 n e for some winding number n e ).
We shall show that up quark will become the moun particle µ + and the down quark will become the moun neutrino ν µ in the weak interaction which will be represented by the deviation of the down quark from the closed loop interaction by the knot K. We shall later give a detail description of this model of weak interaction.
We here remark that because quarks will become leptons in weak interactions we may say that we can observe free quarks (which are just leptons) in weak interactions while in strong interactions quarks are confined by gauge fields which form closed loops (or knots). This gives a solution to the confinement problem of quarks that free quraks are observable that they are observed in the form of leptons.
Similarly we may construct the π − meson.
Mass of π Mesons
Let us introduce a mass mechanism for generating mass to elementary particles. Let us first consider the positron e + (or the electron e − ). Let W e + (C) := W U(1) (C) denote a Wilson loop which will be used for the construction of the positron e + where C denotes an unknot. Let W e + (C) = R n1 U(1) A e + (for some winding number n 1 ) where R U(1) denotes the R matrix for U (1) and A e + denotes an initial operator for the Wilson loop W e + (C). By choosing the winding number n 1 we may write R n1 U(1) A e + = e where m denotes the mass of positron and c denotes the speed of light and we set c = 1 (We have that m is of the form m = eq where e = e 0 n e (n e is a winding number) denotes the observed electric charge and q = q min is regarded as the magnetic charge given by q min = nme0π k for some winding number n m and the constant k is from the Wilson loop and the current operator J [18] ). We set m = 0.5 Mev. Then we construct the positron as the observable W e + (C)z where z is the complex number appearing in the quantum model in section 2 and is used to represent the positron (This means that a positron is represented by the whole observable W e + (C)z while the complex number z is a part for the construction of a positron). Then we construct the observable operator z * W e + (C)z. This observable is regarded as the mass mechanism for giving mass to the positron W e + (C)z where the mass of positron is given by the value m in this observable.
This mass mechanism for generating mass can be extended to other elementary particles. Here let us consider the π mesons. Let W π 0 (K) = R −j SU(2) A π 0 where R SU(2) denotes the R matrix for SU (2); j is the power index of the knot K for the π mesons which will be determinated to be the knot 4 1 . Now let us consider the structure of W π 0 (K) and R SU (2) . Let us consider the knot K for the π 0 meson. Let us choose K = 4 1 . For this knot we have j = 3 [8] . Let us then choose the winding number and the constant for R SU (2) such that R SU (2) is of the form R SU(2) = e −i30mT where
is a Casimir opeartor for SU (2) and that T a are self-adjoint generators of SU (2) given by:
Let us call this Casimir opeartor T as the mass operator for the π mesons. We have
This Casimir operator has eigenvalues 1 and −3 where 1 is with multiplicity 3. Since 1 is positive it is considered as an eigenvalue for mass and energy. The negative eigenvalue −3 is considered to be 
where we have j = 3 for the knot 4 1 . Then the π 0 meson is represented by the observable
Write out this observable we have
where the terms with the factors z *
are mass mechanisms analogous to the positron (or electron) case. Since there are three such mass mechanisms (each eigenvector of 1 corresponds to a mass mechanism) we have that the mass m π 0 of π 0 is given by
This agrees with the experimental mass 135M ev of the π 0 meson. We may write this formula in the form 3 × 45M ev = 135M ev where the prime number 3 is for the prime knot 4 1 and 45 is as a winding number (or proportional to a winding number) of the monodromy R SU (2) .
Let us then consider the π + meson. Let W π + (K) denote the Wilson loop for π + where we also choose the knot K = 4 1 for the π + meson. We have W π + (K) = W U(1)⊗SU(2) (K). For the π + meson in addition to the generators e 0 T a of SU (2) for the π 0 we have one more generator e0 3 I for the U (1) group where I denotes an identity matrix. Thus we have
where since U (1) is an abelian group we have that the knot K on U (1) is the same as an unknot and thus the R matrix R U(1) does not have the index 3 for K (n 0 is a winding number for the number 
As similar to the π 0 meson since there are two z * 1 z 1 terms and one z * 2 z 2 term we have that the mass m π + of π + is given by
This agrees with the experimental mass 140M ev of the π + meson. In (90) and (91) we have that the electric charges of u and d are from In this decay we have that the µ + lepton will reduce the winding numbers of its R matrix until it becomes the positron e + and the corresponding neutrino ν µ will become the neutrino ν e . In this case we then have the following weak interaction:
13 More on Strong and Weak Interaction of π + meson
Let us consider in more detail why the above interaction starting from the gauge fixing A 3 = 1 3 A 0 is the weak decay of the π + meson. Let us give a rough estimate of the strength of this interaction to show that the strength of this interaction is consistent with the strength of the weak interaction. First we have that the strength of QED is the fine structure constant α = 1 137 and we have α ∼ e 2 . Let us suppose that the charge for the electromagnetic interaction, the weak interaction and the strong interaction are of the same charge e (This agrees with the idea of the grand unified field theory in particle physics that these three interactions should finally be with the same charge). Then according to the Yukawa theory we have that the residual force of strong interaction between two particles such as proton and neutron is given by the exchange of the π mesons. From the Yukawa theory with the electric charge e for strong interaction we have that the strength of this residual force of strong interaction is roughly proportional to G s = e 2 M 2 where M = 135M ev is the mass of the π 0 meson. From this we see that the residual force of strong interaction is in fact not strong because M > 100 and that the charge e is small. This however agrees with the fact that the range of this residual force of strong interaction is very short comparing to the long range of the electromagnetic interaction. Then why the strong interaction is strong? Let us give a more detail description of the model of the strong and weak interaction in the above section, as follows.
In the above section we identify the strong interaction of quarks as a closed loop interaction formed by a knot K of the gauge field and the quarks interacted by the gauge field are components of Z(s) acted by the generalized Wilson loop W (K). This form of interaction is different from the electromagnetic interaction in the form of the exchange of photon which is described by the usual Feynman diagram. This strong interaction is for the formation of one elementary particle such as the π + meson or the proton. Then we need a strong interaction between two elementary particles. The above residual force is an interaction between two elementary particles but it is not strong. Thus there should have another effect of the strong interaction. Let us model this effect of strong interaction by the linking of two (or more) knots where each knot formed by a gauge field gives an elementary particle. This means that we use links to model the strong interactions among the elementary particles where each elementary particle is in a knot form. This model of strong interaction is a nonabelian effect because the effect of linking can only be achieved by nonabelian gauge group such as SU (2) or SU (3) (In contrast to mesons modeled by SU (2) we shall model baryons by SU (3)). It follows that electron can not feel this strong effect because electron is only interacted by the abelian gauge group U (1). As a simple example of linking let us consider the Hopf link. For the Hopf link we can show that the linking gives a R matrix which is independent of the R matrices of the two knots (for the two elementary particles). From this R matrix which is a new degree of freedom mesons may be formed which give the strong interaction between the two elementary particles. For simplicity let us use diagrams in Fig.4 and Fig.5 to describe the two types of strong interaction between two elementary particles (For simplicity in these diagrams we use a circle to mean a nontrivial knot such as the knot 4 1 ). The diagrams of Fig. 4 is similar to the usual Feymann diagram which gives the residual force of strong interaction described by the Yukawa theory with e as the charge. The diagram of Fig.5 is a Hopf link which also gives strong interaction between two elementary particles. This interaction is strong and of short range which is shorter than the rasidual force because it is a linking effect. Also because it is a linking effect it gives attractive effect between two elementary particles and thus it can replace the existing theory of attractive nuclear force which is supposed given by the exchange of the σ meson whose existence has not yet been as clearly confirmed as the other mesons [19] [20] .
Fig.4a
Yukawa residual force of strong interaction for ππ scattering (π may be replaced by p or n). Let us then consider the weak interaction. First from the residual force of strong interaction depicted in Fig.4 we have the strength e 2 M 2 . Then when the neutrino (transformed from the d quark) is deviated from µ (trnsformed from the u quark) we have a decay. We want to show that this decay is roughly of the strength of the weak interaction and thus this decay is the decay of the weak interaction. When the d quark is deviated from the u quark from the residual force of strong interaction we have the strength 
We see that this is roughly the strength of the Fermi coupling constant of weak interaction. This shows that this model of decay of π + is possible to describle the weak decay of π + . This also shows that we can deduce the strength of weak interaction from the strength of the usual Yukawa theory of strong interaction and we have that the strong and weak interactions are closedly related. Now with the Fermi coupling constant of weak interaction as similar to the Yukawa theory of the exchange of π mesons we may describe the weak interaction by the exchange of the W ± and Z particles of the standard model of weak and electromagnetic interaction [21] [22] [23] [24] . In Fig.6a and Fig.6b we give the relation of this model of decay of π + with the standard model of weak and electromagnetic interaction.
Conclusion
In this paper we have established a model of the π mesons. We show that the strong interaction for the formation of π + = ud is given by a knot formed by the SU (2) ⊗ U (1) gauge field acting on the quarks u and d which are components of a vector Z(s). We show that the π mesons correspond to the figure-eight knot 4 1 . We shall generalize this construction of the π mesons to other mesons and baryons such that each meson or baryon corresponds to a knot. For the baryons we shall use SU (3) instead of SU (2) as the gauge group.
In this model of π mesons we have introduced a mass mechanism for generating mass to the π mesons. This mass mechanism is from the knot formed by the gauge field. We may also generalize this mass mechanism to generate mass of other mesons and baryons.
In the model of π + we give the required 2 3 e charge to the up quark u and give the required 1 3 e charge to the antidown quark d. Then in the model of π + we show that by a gauge fixing the d quark becomes massless and is identified as the neutrino ν µ and the u quark is transformed to the moun lepton µ. The neutrino ν µ is then deviated from µ but is still interacted with µ via the knot formed by the gauge field for forming the π + meson. We show that the strength of this decay is roughly the Fermi coupling constant of weak interaction. We compute the masses of π + and µ + which are given by 140M ev and 105M ev respectively. This agrees with the experimental masses of π + and µ + . From the left-right nonsymmetry of the model of π + we may deduce the nonconsrevation of parity of weak interaction. This shows that this decay model of π + is a model of the weak interaction π + → µ + + ν µ . From this model of π + we have that the strong and weak interactions are closedly related. This decay model of π + also gives a solution to the quark confinement problem that while quarks are confined by a closed knot formed by the gauge field we have that quarks may be observed in the form of lepton where quark becomes lepton by weak interaction.
